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Abstract 

Gravity is usually considered to be irrelevant as far as the physics of elementary particles is con- 
cerned and, in particular, in the context of the spontaneous symmetry breaking (SSB) mechanism. 
We describe a version of the SSB mechanism in which gravity plays a direct role. We work in the 
context of diffeomorphism invariant gauge theories, which exist for any non-abelian gauge group G, 
and which have second order in derivatives field equations. We show that any (non-trivial) vacuum 
solution of such a theory gives rise to an embedding of the group SU(2) into G, and thus breaks G 
down to SU(2) times its centralizer in G. The components of the connection charged under SU(2) 
can then be seen to describe gravitons, with the SU(2) itself playing the role of the chiral half of 
the Lorentz group. Components charged under the centralizer describe the usual Yang-Mills gauge 
bosons. The remaining components describe massive particles. This breaking of symmetry explains 
(in the context of models considered) how gravity and Yang-Mills can come from a single underlying 
theory while being so different in the physics they describe. Further, varying the vacuum solution, 
and thus the embedding of SU(2) into G, one can break the Yang-Mills gauge group as desired, 
with massless gauge bosons of one vacuum acquiring mass in another. There is no Higgs field in 
our version of the SSB mechanism, the only variable is a connection field. Instead of the symmetry 
breaking by a dedicated Higgs field pointing in some direction in the field space, our theories break 
the symmetry by choosing how the group of " internal" gauge rotations of gravity (the chiral half 
of the Lorentz group) sits inside the full gauge group. 

1 Introduction 

The spontaneous symmetry breaking (SSB) scenario plays the fundamental role in the Standard Model 
(SM) of elementary particles. It assumes the existence of the Higgs field charged under the gauge group 
to be broken, and transforming as a scalar under the group of isometrics of the Minkowski spacetime 
(the Poincare group). The (renormalizable quartic) potential for this field is then designed so that 
the field takes a non-trivial vacuum expectation value (VEV), thus breaking the symmetry. The 
components of the scalar field in the direction of the broken symmetries (would be Goldstone bosons) 
become the longitudinal components of the gauge bosons, while the remaining component(s) of the 
Higgs become the massive Higgs particle(s). 

The SM Higgs field couples to fermions via Yukawa couplings, and its non-trivial VEV gives rise to 
(most of) the fermion masses. Only the (still hypothetical) sterile neutrino sector with its Majorana 
mass terms does not depend on this mechanism for its mass generation. Thus, the Higgs field and the 
spontaneous symmetry breaking mechanism for which it is responsible is the essential ingredient in 
generating the masses of all observed elementary particles. It is of fundamental importance to confirm 
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whether this Standard Model picture is correct and it is therefore not surprising that the search for 
the Higgs particle is the principal aim of the ongoing expensive, involving large collaborations LHC 
experiment. A vast amount of the collision data has already been processed, with so far no conclusive 
outcome. The data analyzed are still compatible with no Higgs being present at all, with however a 
small excess of events around 125 Gev observed by both major LHC detectors [1]. The data to be 
collected next year are expected to settle the question of existence or non-existence of the Standard 
Model Higgs boson. 

It is usually assumed that gravity is of negligible importance for all these phenomena, and can 
be safely ignored at the energy scales of the accelerator experiments. Still, the fact that it is only 
the Higgs that introduces the mass scale into an otherwise scalefree Standard Model, and thus tells 
the SM particles how they should gravitate means that the two are not completely unrelated. At the 
same time, it is hard to see how gravity can be relevant at the electroweak symmetry breaking energy 
scales, for it seems to be very weak there. 

While gravity seems to be irrelevant for the physics of elementary particles, it is also very different 
from all other forces that are carried by gauge fields, at least in its usual metric-based form. The 
mystery of why the scale where gravity becomes important for quantum fields (Planck scale 10^^ 
GeV) and the scale where the electroweak symmetry breaking happens (100 GeV) are so different 
may be not unrelated to the mystery why gravity is so different from the rest of the forces. 

In [2] it was shown that general relativity can be reformulated as particular diffeomorphism in- 
variant SU(2) gauge theory. The relevant theory is not Yang-Mills, for the later needs a metric for its 
definition. Still, it turns out to be possible to write diffeomorphism and gauge invariant Lagrangians 
for a connection over a 4-dimensional spacetime without using any metric. The arising Lagrangians 
are non-linear, but lead to second order in derivatives field equations. When the gauge group is taken 
to be SU(2), any of these diffeomorphism invariant gauge theories can be shown to describe interacting 
gravitons, see [3], and is thus a gravity theory. 

We shall review the construction of diffeomorphism invariant gauge theories in the main text. 
For now, we would like to ask the reader to take it for granted that such theories are possible, 
and that for the gauge group G = SU(2) they describe gravity. Even without going into details of 
their construction, it turns out to be possible to understand the possible "vacua" solutions of these 
theories in full generality. Thus, we shall see that any (non-trivial, see below) vacuum solution breaks 
the full gauge group G of the theory down to an SU(2) subgroup, embedded in some way into G, 
plus the subgroup in G that commutes with this SU(2) (this may be empty). We shall see that 
the SU(2) components of the full connection then describe gravity, while the components charged 
under the centralizer of SU(2) in G describe the usual Yang-Mills fields. This is a completely general 
mechanism, independent of details of the diffeomoprhism invariant G gauge theory Lagrangian one 
starts from. This simple, but completely natural in the context of diffeomorphism invariant gauge 
theories symmetry breaking mechanism explains why gravity and Yang-Mills fields, while coming from 
the same underlying theory, can manifest themselves so differently. We will describe the mechanism 
in more details below. 

A natural question that then arises is if the same mechanism can say anything new about the 
"usual" spontaneous symmetry breaking in the context of gauge theories. The answer to this question 
is in affirmative, and the underlying mechanism is again very simple and natural. As we shall explain 
below, the components of the full connection of our theory that are charged under the part of the 
gauge group that does not commute with the gravitational SU(2) give rise to certain massive fields. 
The following simple scenario then becomes possible. Consider one vacuum where our mechanism 
breaks G down to SU(2) times some smaller subgroup K C G. As we have said, this will describe 
K Yang-Mills fields plus gravity (plus certain massive fields for the components of the connection in 
the directions that do not commute with the gravitational SU(2)). However, other vacua solutions 
are also possible, with a different embedding of the gravitational SU(2) into G. In particular, it is 
always possible to embed SU(2) in such way that it has no non-trivial centralizer, and thus all of the 
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Yang-Mills symmetry group K of the first vacuum is broken. In this latter case all components of the 
connection apart from those in the "gravitational" SU(2) will describe massive fields. Thus, we have 
a scenario in which by changing the vacuum of the theory one can change the spectrum of the arising 
excitations from gravity plus massless gauge bosons for some gauge group K (plus massive fields whose 
nature will be clarified below) to gravity plus a set of massive fields. Intermediate scenarios, in which 
only some of the symmetries in K are broken, are also possible by choosing the vacuum appropriately. 
Thus, we have a single mechanism which both explains why gravity is different from the rest of the 
forces, and that at the same time can be used to break the usual Yang-Mills gauge group as desired. 
The very availability of such a mechanism, whose details are to be described below, suggests that the 
spontaneous symmetry breaking in the particle physics and gravity are not so unrelated as they seem 
to be in the Standard Model. 

We now explain the main ingredient of our mechanism - the construction of vacua of a diffeo- 
morphism invariant gauge theory. This is simple, and can be described in quite non-technical terms 
already here. Since this construction is so central for everything that follows, and since it is indepen- 
dent of any details of the diffcomorphism gauge theory Lagrangians that we will use later, we decided 
to explain it already in the Introduction. 

The dynamical field of our gauge invariant gauge theories is a connection ,1 = 1, . . . ,n, n = 
dim(g) on a 4-dimensional spacetime manifold M. Here g is the Lie algebra of G, and we use the 
form notations, so that the connection is a Lie-algebra valued one-form (we always work with trivial 
bundles here). We would like to describe connections that have a high degree of symmetry and that 
can therefore be used as the "vacua" of the theory. It is of course always possible to take the zero 
connection as a "vacuum", but when we describe the construction of the Lagrangians below, we shall 
see that this ^ = configuration is very singular (it is similar to the zero metric configuration in 
Einstein's GR). Thus, we would like a non-trivial (i.e. different from zero) vacuum connection, which 
at the same time has enough symmetries to deserve to be referred to as a vacuum solution. The 
first requirement is that we would like our connection to be the same at all spatial points, i.e. be 
homogeneous. Thus, we require that the exists a foliation of the spacetime by hypersurfaces such 
that the connection is the same along every hypersurface (but can possibly change from one such 
hypersurface to another). This is formalized by introducing some rj and coordinates, such as 
7/ = const is a hypersurface of homegeneity, and are some coordinates on these hypersurfaces. Our 
homogeneous connection can then be written in components as 

A^ = afdx' + b^dr], (1) 

where af,6^ are functions of the time coordinate rj only, as is required by the homogeneity. We 
now impose yet another requirement that the connection is isotropic, i.e. that at any point with 
coordinates Xq (on any rj = const hypersurface) we can perform a rotation with Xq as the center, and 
the connection will not change. In other words, we require the connection to be spherically-symmetric 
with respect to any point Xq as a center. It is then convenient to choose the coordinates to be such 
that X^j(x* — Xq)^ = const is a sphere of symmetry with the center Xq. In other words, we have the 
usual coordinates on each spatial hypersurface, and the group of rotations SO (3) acts to rotate 
around a center Xq by multiplying — Xq with an orthogonal matrix O G SO (3). The one- forms 
dx^ then change as dx^ — t- O^dx^, and we require the connection A^ to remain invariant under this 
transformation, i.e. we require that there exists a G gauge transformation that offsets the above 
transformation of the one-forms dx^. Thus, we require that for any Oj G SO (3) there exists g E G: 

(ad,a,)^ = a^Ol (2) 

To understand the meaning of this equation it is convenient to rewrite it in the infinitesimal form. 
Then we have that for any Ui G so(3) there exists X^{uj) G g : jkX'^ {uj)af = €i^^ujjaj^, where 
gijfc ^j^g usual so(3) structure constants and jk are those of g. We now contract this equation 
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with some other element G so(3). We get: {a[u,uj]y = [X{uj),auY, where (au)^ := aju^. The 
left-hand-side here is u,uj anti-symmetric, which means that the right-hans-side should also be. This 
means that X{u!) ~ auj and that {a[u,u!])^ ~ [an, aw]^. What this equation says is that intertwines 
the action of so(3) with that of g. Therefore, is an embedding of the Lie algebra so(3) into g 

af : 5o(3) Q. (3) 

As such, any embedding a[ necessarily "breaks" the original gauge symmetry G down to the group of 
rotations S0(3), which is realized as S0(3) x a(S0(3)), i.e. as acting on both indices of a[, so that a{ 
is unchanged, times the centralizer of o(SO(3)) in G. Note that, depending on the "vacuum" a[, i.e. 
the embedding ([3|) chosen, the centralizer Ca of a(S0(3)) in G may be empty (this is what happens in 
the so-called principal embedding, see below). In this latter case the gauge group is broken completely, 
down to a single copy of SO (3). 

As it will become clear below when we study the Lagrangians arising by linearizing a general 
diffeomorphism invariant gauge theory around ([1]), the connection components af play the role of (a 
multiple of) the usual Pauli matrices that intertwine the action of the rotation group in space with 
that of the Lorenz group in the internal space (e.g. on fermions). Thus, our background connection 
breaks the G symmetry of the theory down to a smaller group (always containing SO (3)) by essentially 
selecting how the Pauli matrices sit inside the full gauge group G. 

To start with, there is no metric in our theory, the dynamics is described as that of the connection 
field only. However, as we shall see below, the background connection ([T]) does introduce a certain 
metric into the game, which turns out to be that of a constant curvature de Sitter space. Thus, 
the background ([T]) admits the usual metric description. To see what are the excitations around the 
background ([T|) we linearize a general diffeomorphism invariant G gauge theory Lagrangian around ([1]) . 
We shall then see that the components of the (linearized) connection in the directions of a(so(3)) in q 
describe gravitons, while the components in the direction of the centralizer Ga of a{5o{3)) in g describe 
the Yang-Mills fields. The remaining directions in the Lie algebra g, i.e. those that do not commute 
with a(5o(3)), will be found to describe certain massive fields that typically transform non-trivially 
both under a(so(3)) and Ga- In other words, they are typically particles of non-zero spin, also charged 
with respect to the Yang-Mills gauge group. We shall then see that by making the embedding a of 
5o(3) to be more and more non-trivial in g, we can break more and more of the Yang-Mills symmetries, 
with the fields that used to be massless gauge bosons in one vacuum becoming massive gauge bosons 
in another. This is, very briefly, the version of the symmetry breaking mechanism in the context of 
diffeomorphism invariant gauge theories. 

We would like to finish the Introduction by giving some historical credits. A (preliminary) study 
of gravity /gauge theory unification of the type considered in this paper was carried out in [4J and 
[5]. However, both works used a formalism close to that of the Plebanski formulation [6j of general 
relativity. Earlier work on similar ideas, but using the Hamiltonian formalism was reported in e.g. [7]. 
Another attempt at gravity- Yang-Mills unification that however uses the full Lorentz group S0(l,3) 
rather than its chiral half is described in [8j. One of the aims of the present work is to carry out 
the analysis using an arguably simpler "pure connection" formalism, where the only variable that the 
action depends on is a connection field. The simplicity of the "pure connection" formalism to be used 
will allow to develop a much more complete understanding of the spectrum of the arising particles than 
was achieved in @]. In particular, it is the pure connection formulation that naturally suggests the 
interpretation of different possible vacua of the theory in terms of a symmetry breaking mechanism. 
As far as we are aware, the SSB mechanism described here is new. 

Finally, a note of caution is in order. No claim is made here that a realistic unification of gravity 
with all the fields present in the Standard Model of elementary particles is achieved. What we are 
after in this paper is a mechanism that introduces gravity into the story of symmetry breaking, not 
a realistic model. However, we cannot resist to give a set of examples that come very close to the 
usual Standard Model symmetry breaking pattern, or even coincide with it. Thus, one example 
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closest to reality that we give is that of SU(6) theory that, when broken in a particular way (principal 
embedding into SU(5)), gives rise to gravity plus electromagnetism plus the massive spin one and 
Z bosons (plus other more exotic higher spin massive particles). If desired, this can be crossed with 
the SU(3) gauge group to describe the full bosonic content of the Standard Model (without, however, 
the Higgs boson). Still, our diffeomorphism invariant gauge theories working with ordinary "bosonic" 
gauge groups G can only describe the bosonic particles. As such, no truly realistic scenario can be 
possible in this framework, for it necessarily must involve fermions. While it is possible that more 
realistic scenarios with fermions are possible in the case of G being a super-group, we do not consider 
such generalizations in the present paper. We reiterate that the main aim of this paper is to exhibit 
a general mechanism that introduces gravity into the subject of symmetry breaking rather than a 
realistic model. Work on scenarios possible in this context is to a large extent left to the future. 

The paper is organized as follows. We describe the class of theories that we work with in the 
next section. Here we also give more details on the "vacuum" solutions and, in particular, verify 
that the connections described in the Introduction satisfy the field equations. We also show how our 
background connections give rise to a certain metric, so that the linearized theories we obtain all live 
in the usual metric background. Section [3] obtains the linearization of the general Lagrangian around 
a given background, and also discusses the issue of gauge invariance in the presence of mass terms. We 
then analyze each sector - gravity, Yang-Mills and massive - in turn in sections HI [5] and [6l Examples 
of our symmetry breaking scenario are treated in Section [71 We finish with a discussion. 

We warn the readers that some of the analysis presented below is not straightforward, especially 
in the case of the massive sector. Because of this, we advise to start with Section [71 which is self- 
contained, and treats many examples that illustrate quite well how our symmetry breaking mechanism 
works in practice. The preceding sections can then be read to understand how our claims about the 
interpretation of three different sectors of the theory are substantiated. 



2 The theory 
2.1 Action principle 

The class of theories that we study in this paper is as follows. Let be the gauge field one-form. 
The spacetime index is suppressed, / = 1, . . . ,n is a Lie algebra index, and n = dim(G). The gauge 
group G is an arbitrary (complex at this stage, reality conditions are to be imposed below) Lie group. 
We shall assume it to be simple (for simplicity of the presentation), but semi-simple direct products 
of simple groups are also easy to consider, as was done e.g. in [5] in the context of gravity plus 
electromagnetism unification. It would be interesting to understand what more general Lie algebras 
given by semi-direct products give rise to, but we shall not consider this problem in the present paper. 
The curvature two-form is given by = dA^ + {1/2)[A,AY. Let / : (g)^ C be a scalar-valued 
function on the second symmetric power of the Lie algebra 3 of G with the following properties: (i) 
/ is gauge invariant f{adgX) = f{X),\/g £ G,\/X G (X>s 0; (ii) / is homogeneous function of order 
one f{aX) = af{X),ya G C*, VX G (8)5 0. It is then not hard to see that such a function can be 
applied to the wedge product A F'^ of the curvature two-form with itself, with the result being a 
well-defined 4-form. This form can then be integrated to produce an action. Thus, the theories we 
consider are defined by the following action principle 

S[A] = i J /(FAF), (4) 

where / is a function with properties as above (choice of / defines the theory), and the factor of 
i = is introduced for future convenience. It has to do with the fact that the reality conditions 
we will later impose are those corresponding to the Lorentzian signature. 

It is worth noting that there are no dimensionful coupling constants involved in the definition of 
the theory (|4]). Indeed, we take the connection field A^ to have the natural mass dimension one, so 
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that the curvature has the mass dimension two. Due to the homogeneity of /, the Lagrangian then 
has mass dimension four as required. Thus, there are only dimensionless couplings in @. At the 
same time it should be noted that an infinite number of dimensionless couplings needs to be given to 
specify a theory from the class (HD, as it involves specifying a function (of typically many arguments). 

2.2 Field equations 

The Euler-Lagrange equations that result from @ are as follows: 



where, if desired, the factor of F"^ can be taken outside of the brackets on which the covariant derivative 
dA acts, in view of the Bianchi identity (IaF^ = 0. The matrix X^'^ in ^ can be defined as AF"^ = 
(vol)X^'^ where (vol) is an arbitrary volume form. The matrix X^'^ so defined then depends on the 
choice of (vol) , but the matrix of partial derivatives of / present in ([5]) is independent of this ambiguity. 

It is not hard to see that the field equations ([5]) are second-order in derivatives non-liear partial 
differential equations for the connection components. It can be argued that the class ^ is the most 
general class of diffeomorphism invariant gauge theories that leads to not higher than second order 
field equations. 

It can also be shown, see [1] for an argument to this effect in the context of two-form formulations 
of the same class of theories, that for a general / the theory (jl]) is a dynamically non-trivial theory 
with 2n — 4 propagating degrees of freedom (DOF). However, when f{X) = ftop{X) = Tr(X) the 
theory becomes topological, with no propagating DOF. 

2.3 Gravity 

The simplest non-trivial subclass of theories (jH) arises when G = SU(2). Indeed, in the simpler case 
G = U(l) the only possibility is / = ftop and no non-trivial theories exist. Thus, if we are to remain 
in the simple G context, we are forced to consider non-abelian gauge groups. It can then be shown, 
see [2], that Einstein's theory of general relativity can be describe in this language and corresponds to 



where G is the Newton's constant, and A is the cosmological constant. Other choices of / lead to 
different from GR gravitational theories describing, as GR, just two propagating polarizations of the 
graviton. In other words, choices of / different from ^ (and from ftop) correspond to different from 
GR interacting theories of massless spin 2 particles, see [3j. We will see how the SU(2) diffeomorphism 
invariant gauge theories manage to describe gravitons below, when we linearize the general action ([4]) 
around a "vacuum" solution. 

2.4 Vacua 

One way to see that the theories (jlj) for G = SU(2) describe interacting massless spin 2 particles is 
to select an appropriate background and expand the theory around it. The usual graviton excitations 
of the linearized theory can then be identified, see [3j. This is also the strategy we shall follow in the 
present paper, now for an arbitrary gauge group. In particular, we shall see that different choices of 
the background (or vacuum of the theory) will lead to different symmetry breaking patterns. 

We now describe the set of "vacua" for (j4j) in more details. In the Introduction we have seen that 
a general homogeneous isotropic connection is given by ([1]), with the functions aj^b^ being those of 
the time coordinate r] only, and af defining an embedding of 5o(3) into q. We now note that we can 




(5) 




(6) 
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always use a time-dependent gauge-transformation to set the dr] part of the connection ([T]) to zero. 
Thus, we are led to consider the following "vacuum" configurations: 

= ^afdx', aj : so(3) g, (7) 

where we have introduced a factor of 1/i (as compared to ([T|)) for future convenience, and where a[ is 
an embedding of 5o(3) into g. Different such embeddings (up to conjugacy inside G) are all classified, 
and for groups G of interest to us here will be described below. For now it is useful to know that for 
a fixed G there is only a finite number of inequivalent embeddings of so(3) into g. 

Let us now compute the curvature of For this we note that the fact that aj is an embedding 
of so(3) into g means that jkcljO,^ ~ ^le^jk- Let us now represent a[ as a constant embedding e{ 
normalized so that 

fjKeie^ = eU',u, (8) 
times a function a(r/) of the time coordinate: 

4 = ael (9) 

We then get for the curvature 

= -a^el (i^drj A dx' + ^e'^'^dx^ A dx''^ . (10) 

It is now convenient to choose a new time coordinate (which we are completely free to reparameterize 
up to this point) so that 

^dri = dt. (11) 
The function a then becomes that of t, and it is easy to see that we have 

a{t) = t < to, (12) 

to — I 

where to is an integration constant. Finally, we can conveniently rewrite the above answer for the 
curvature as 

F^ = -M^eij:\ (13) 

where 

:= 



idt A dx' + ^e'^'^dx^ Adx''], (14) 



and 



where we have introduced an arbitrary dimensionful parameter M (dimensions of mass) so that the 
function c(t) is dimensionless, and all the dimension of the curvature is carried by M^. As we shall see 
below, M will be the only dimensioful quantity entering into our construction. All other dimensionful 
quantities will be expressed in terms of M. We note that the objects (I14j) (or rather their Minkowski 
spacetime limits obtained by setting c{t) = 1, see below) are often referred to in the literature as 't 
Hooft symbols [9]. 
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To further clarify the meaning of the dimensionful quantity M that we introduced, we note that 
the background connection ([7]) with its curvature form (jl3p gives rise to a certain spacetime metric. 
Indeed, it is not hard to recognize in ()14p the triple of self-dual two forms 

= i^o + A e'', (16) 

where 6^, 9^ is a tetrad ds'^ = -{O^f + for the de Sitter metric 

ds^ = c^{t){-dt^ + Y,{dx'f)^ (17) 

i 

written in the flat slicing, with c{t) as the conformal factor and t being the conformal time. 

In more geometrical terms, the metric appears as follows. We start with a connection ([7]) and find 
that its curvature spans a 3-dimensional subspace in the space of all two-forms on our 4-dimensional 
manifold. Therefore, it can be shown that there exists a conformal metric with respect to which the 
curvature two- forms (I13p are self-dual. This metric is a multiple of (I17p . We then fix a representative 
from the conformal class so that both (jlSp . ()16p hold and that the proportionality coefficient in 
(jlSp is a constant. It is clear that the parameter M can be arbitrarily rescaled as desired, provided one 
also rescales the metric in the same way. One can put it differently by saying that what is canonically 
defined by the curvature two-forms (llSp is a dimensionful metric, such that if used to compute any 
length it gives a dimensionless result. This dimensionless length are unambiguously defined by the 
connection (and its curvature), while the parameter M appears if one desires to express this dimen- 
sionless length as M times some dimension 1/M length computed using a usual dimensionless metric. 
All in all, the parameter M is introduced to provide a link to the usual physics happening in a metric 
background. One should keep in mind, however, that M can be arbitrarily rescaled provided the 
spacetime metric (and thus all length) are also rescaled correspondingly. 



2.5 Verification of the field equations 

In this subsection we verify that ([7]) is indeed a solution of the field equations We have separated 
this verification into a separate subsection because it is somewhat lengthy. Readers not interested in 
seeing the details of this computation can skip directly to the next section. 

We start by carefully performing the integration by parts that leads to ([5]), to fix the notation. 
Thus, the first variation of the action @ is proportional to 

5S[A] ~ j -^F' A [dSA^ + f-^KLA"" A M^) , (18) 

where we have dropped an unimportant at this stage overall constant, and have spelled out the 
covariant derivative. We now integrate by parts in the first term and read off the field equations: 

We can now use the fact that for our specific background connection ([7]) we have A S-' ^ 6^^ and 
thus: 

X^*^~e[e/<5^^ (20) 

where 6^^ is the usual SO (3) invariant metric in so(3) ~ M'^. This is a tensor in g g that is only 
non-zero on vectors in the image e(so(3)) C Q. In particular, this means that the matrix of first 
derivatives df / dX^^ at the background is constant and thus 

<i(j7)=0. (21) 
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This is of course only true for our constant curvature background. We can now use the Bianchi identity 
(IaF^ = to write dF^ = -f^jxA-^F^. After some simple relabelling of indices we get the following 
field equation to verify 

(a|fc/V + g|4r/V)vAF- = o. (22) 

We now substitute the expressions for the background connection and curvature. We have: 

AF^ = ia^e/ef dx^' A (^idt A dx^ + ^e'^'^dx^ A dx™^ . (23) 

We see that there are two terms to worry about. One is proportional to d^x. This part of A'^ A F^ is 
proportional to X'^^ . This means that for this components of the 3- form the first term in (j22p does 
not contribute as it contains the anti-symmetric structure constant contracted with the symmetric 
matrix X'^^ . The second term contributes an expression proportional to 

but this is zero as directly follows from the gauge invariance of the function /. Thus, it remains to 
consider only the dt A dx* A dx^ components of the 3-form l\22h . We thus need to verify that the 
following quantity 

\dX^^ dx^^ ) ^ ^ ^ ' 

is zero. Multiplying Q with another completely anti-symmetric tensor we get 

/'jxe/ef6i^'= = 2ef. (26) 

Thus, ([25]) can be rewritten as 

g df II df rl jkl J K (^rj. 

We now see that both of the terms contain the matrix of first derivatives projected at least in one of 
its indices on the so(3) direction. However, using the fact that df /dX^'^ must be invariant under the 
transformations from the embedded so(3) we can write 

9f J „ J 



dXiJ^' ^^^^ 
where gij is the Killing-Cartan metric on g. This is to be understood as an equation holding when the 
matrix of first derivatives is evaluated on (j20|) . This equation is just a statement that the pullback of 
the "metric" df/dX^^ to the Lie algebra so(3) must be proportional to the pull-back of the Killing- 
Cartan metric. The proportionality coefficient here is not hard to determine by multiplying this with 
another factor of e^. Using the homogeneity of / this immediately gives 



dXn<=^)3^^-i^ (29) 
where Tr(X) := gijejcj 6^^ . Using this identity it is not hard to see that (|25|) is proportional to 

- gmfjie'^'efe-j = 0, (30) 
where the last identity follows from ()26p and the cyclic symmetry of the structure constants 

giKfjL = giLfxj, (31) 

the last formula being just the statement that Tr{A[B, C]) = Tr(i?[C, A]). Thus, we see that the field 
equations for the connection d?]) hold. 
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3 Linearization 



In this section we linearize the action Q around a given vacuum of the form ([7]). We shall leave the 
embedding (or ef normalized as in ([8])) unspecified for now, and present a general analysis valid 
for any embedding. 

3.1 Variations 

For purposes of computing the variations of the action it is convenient to switch to notations in which 
the spacetime indices are explicit, and introduce a densitiezed matrix 

XU = IgM-P-F^^^F^^^. (32) 

Here if^'^P'^ is a completely anti-symmetric density that does not need a metric for its definition. This 
definition is convenient for we have A F"^ = X^'^d'^x. Let us evaluate this for the background 
connection ([7]). Using the self-duality of the 2-forms S^^: 

-e^i/'"^S^g. = iH^,^, (33) 

where e^j^po- is the volume form for (jl7|) and the indices are raised and lowered with this metric, as 
well as the following algebra of the 2-forms: 

S7S^,, = -5SM. + e^^''5]^., (34) 

we easily get: 

X^^ = 2iM^y/^m^-^, (35) 

where 

:= (36) 

The above X^'^ is the background value where all the derivatives of the function / need to be evaluated. 
However, because the function is homogeneous, it is sufficient to know the derivatives evaluated at 
m^'^ . Thus, we introduce a rescaled matrix X^'^ , which we shall denote by symbols with a hat 

v-IJ 



When evaluated on the background we have: 

X" = m", (38) 

where the hat symbol over the equality sign means "equal at the background". 

Let us now write down the variations of the (densitiezed) matrix X^"^ . We have: 

5X^-^ = ~e>"'P''FgDp8Ai\ 

5^X1 J = g/^-P- (2D^5AiD,5Ai + Flif''> kl5A^ 5A^) , (39) 

5^X'-^ = 6e''''P''Dp6Ai'f^KLSAf5A^. 

The fourth variation is zero. In these formulas is the covariant derivative with respect to the 
background connection. We have denoted it by in the form notations, but in the index notations 
it is more convenient to use an upper case letter instead of writing the ^-subscript. 
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Let us now evaluate (f39l) at the background, also rescaling to pass to ([37|) . We are using self-duality 
([33|) freely, without mentioning it. We get: 

5^X^' = j^e^^^-D,5AiD,5Ai - -l^^^^^^ef f^KidA^^A^, (40) 
S'X'' = r^e>^''P^D^6A(Jf^KL6A^6A^. 

Note that these formulas, unlike (j39p . explicitly depend on the metric (via T,^f^'^ and e^'^'"^). Note 
also that the right-hand-sides are invariant under a simultaneous rescaling of the metric g^j^y — t- O.'^Qfj.u, 
provided — )• Q~'^M'^. In principle, we have the full group of conformal transformations acting 
(with being a function), but we have fixed the gauge partially by requiring M to be a constant. It 
is useful to keep in mind this availability of (constant) conformal rescalings of the metric, as it gives 
a useful check of the formulas. 



3.2 Action evaluated on the background 

Since we want to evaluate this on the background, it is convenient to rewrite the action as a function 
of X^'^ , and then obtain variations of the action using the formulas ()37p . We can write the action as 

S[A] = -2M^J d^x^fiX). (41) 

We now compare this evaluated on (j38p with the Einstein-Hilbert action for a constant Ricci curvature 
metric (our signature conventions are (—,+,+,+)): 

Sgr[9]=-^ f d'xV^. (42) 



8ttG „ 

We thus see that our dimensionful parameter plays the role of a multiple of the energy density of 
the cosmological constant 

Of course, there is neither A nor G in our theories, so this interpretation should be taken as an analogy 
only. However, it is natural to take the (so far arbitrary) length scale 1/M to be such that 1/M^ is 
a multiple of the length scale determined by the cosmological constant A. Indeed, in this case the 
metric (I17p will be what the metric of our Universe seems to look like, and the usual identification of 
scales becomes possible. So, we take M2 = A/3. This gives 

where we have introduced the Planck mass Mp. For the observed value of the cosmological constant 
(and the known value of the Newton's constant G) this is a very large number f{m) ~ 10^^^. Thus, it is 
clear that if we are to extract from our diffeomorphism invariant gauge theories the usual (observed) 
physics, then the value /(m) of functions / in the vacuum should be very large (jUj) . We leave a 
discussion of whether this is in any sense natural aside for the moment, as this naturalness problem 
is of course nothing but the reincarnation of the famous cosmological constant problem. But the fact 
that very large numbers appear will be important below for analyzing the typical mass scales for our 
theories. 
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3.3 Second variation 

It is now straightforward to compute variations of the action Q. For instance, the second variation 
is given by 

S^SIA] = -2M^ I d^x^ ( — .^X <5X^-^5X^^ + -^S'X'A . (45) 

^ ^ J KdX^JdX^L QxiJ J ^ ' 



We then substitute poj) and get 

6'S[A] =-2j d'x^g ( QxUQxKL '"^^D.SAi^ ) (S^ '^efD,6A^^ ) (46) 

where ah the derivatives of / are to be understood as computed on X = m. As the last step we 
integrate by parts in the first term in the second Hne. Our final result for the second variation is 

6'S[A] =-2 1 d'x^g (^-^fl^{^^>^'^e'fD,6Ai^)i^''^^efD,6A^y) (47) 

If desired, the interactions (cubic terms etc) can be obtained in the same way, but we will refrain 
from considering them in this work. Our task is now to unravel the dynamics encoded in the above 
linearized Lagrangian. 

3.4 Gauge symmetry 

Before we proceed with the analysis of (j47p we would like to see how the gauge symmetries of our 
theory are realized. This is particularly non-trivial given that we seem to have a "mass" term for the 
connection in (I47p . so it is important to see that this term is compatible with gauge invariance. The 
gauge symmetry acts on the connection perturbation as 

646AI) = D^4>'. (48) 

As we shall soon see, it is essential that the full covariant derivative is kept in the kinetic term in (j47p . 
for otherwise there is no way that the mass term can be invariant under these gauge transformations. 
The issue of how Minkowski space limit of (j47p thus gets entangled with the question of how the gauge 
symmetry (I48p can be fixed. 

Let us consider the transformation of ()47p under (j48p . We have 

d^^'f^-^Df^SAi) = T.'^'^D^D.ct)' = -2M^fjKe-^(t>''6'^, (49) 

where we have used 2D^^Di^](j)^ = jK^j^^cj)^ , substituted the expression (fT3]l for the background 
curvature, and then eliminated the contraction of two S's. We can now write down the full variation 
of the linearized Lagrangian under gauge transformations. We write it as (half) of the variation of the 
Lagrangian in (j47p . We have 

^^£(2) ^ 4M2__g_ef/^^^ef ,^^5^^er(S'=^^Z^^M^)^) (50) 
+2M2^ (j^^'^'^dA^ijf'^KLefD.cp'^ + J^^'^'^e'/f-'^KLSA^D^cP^ 
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Integrating by parts in the second line to put the covariant derivative on the connection (no additional 
terms result as all quantities are constant and we have D^Yi"^^^ = 0), and doing some relabeling of 
indices we can put the above expression into the form 

= -4M^ {-^^^f'KL^^'-ie^^'^ + ^/'/.i^^^fM^)) ef{^''^D,5A^). (51) 

However, the expression in the brackets vanishes by gauge invariance of /. Indeed, the gauge invariance 
implies 

= 0. (52) 

Differentiating this once more with respect to and then evaluating the result on X^'^ = m^"' = 

elejS^^ we get precisely the expression in the brackets in (jSTj) . 

We learn from the argument just given that it is in general not possible to replace the covariant 
derivatives in ()47p while keeping the mass term, as this is inconsistent. Indeed, the terms that would 
be neglected via this operation are in general of the same order as the mass term. Only with the 
covariant derivatives can the Lagrangian (|92p be gauge invariant, while at the same time having a 
non-trivial mass term. This makes the Minkowski spacetime limit of the theory non-trivial to take. 
Below we shall see, however, that this is possible, but one will have to be careful. In the next two 
sections we shall see that the mass term is absent in the so(3) sector of the theory (gravity), as well 
as in the sector that commutes with so(3) (Yang-Mills). For both of these sectors the Minkowski limit 
will be then trivial to take, simply by replacing the covariant derivatives with the usual ones. The 
remaining sector will be more non-trivial to analyze. 



4 Gravitational sector 

4.1 Linearized Lagrangian for gravitons 

We will start our analysis of (I47p by demonstrating that the components of the linearized connection 
6Ajj^ "charged" under the embedded of S0(3) describe gravitons. Thus, we decompose the linearized 
connection as 

^4 = iefo;, + ai^, (53) 

where gija^^ej = 0, Vi, and we have introduced a factor of i in the first term for future convenience. We 
will later also split into components in the directions that commute with e(5o(3)) and in those that 
do not commute, the two describing very different physics. However, in this section we concentrate 
on just the e(5o(3)) part, i.e. the first term in ([53|) . 

Let us start by demonstrating that for the present gravitational sector the last term in ()47p does 
not contribute. We use ([8]), as well as (1281) . which we rewrite as 

eM = %/(m), (54) 



dXiJ ' ' 3 



where we have used the fact that gijelej ~ 5ij. This immediately shows that the second line in (|47p 
(its gravitational e(so(3)) part) is proportional to 

Sk av i ikl I , si^inu ikl k I r\ 
^ a^e + L, ^ e a^a^, = U. (55) 

Thus, we only need to consider the first line in (|47p . i.e. the kinetic term, for this sector. 
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Let us consider the tensor 

_JX—e\€]efe\. (56) 

It is symmetric under the exchange of pairs ij and kl, and ij, kl symmetric. It is easy to show that 
its contraction e.g. f^'^^^i^^^ is zero. Indeed we have 

f^-') Jki efe/m^^ (57) 



but for any X^^ we have 



X^^ = (58) 



dX^JdX^L 

as follows from the homogeneity of /. This can be obtained by differentiating 



dX^J 

with respect to X^^. It thus follows that (|57|) is zero and therefore 



X''=f (59) 



hj\ki ~ 2 



where 



-^ij^L = 2 '^i/'^jfc) - -^^ij^ki (61) 

is the projector on spin 2 representation in the tensor product of two spin 1 representations of so(3). 
It is this appearance of the spin 2 projector that is ultimately related to the components of the 
connection under consideration describing gravitons. The parameter introduced in (j60p is an 
arbitrary constant, whose value depends on the function / chosen and on the embedding e( that one 
considers. Its value is unimportant in the linearized theory because it can always be absorbed into 
the linearized connection. But it does appear as a coupling constant in the interactions, so it is an 
important parameter of the theory. The minus sign is introduced in ()60p so that it is positive for the 
GR Lagrangian ([6]). 

We can now write down the linearized Lagrangian for o*. It is convenient to rescale o* — )• j ^Jg^ 
to give a* the canonical normalization. We also divide the second variation of the action in (j47p by 
two to get the correct linearized Lagrangian. We get: 

/:gr = Affl,{T}^^D^o^,){Y}^^'^D,a\\ (62) 

which is the Lagrangian obtained and studied in ^ . It is not of the usual form found in the field theory 
textbooks. Below we shall see that it is very similar in form to the usual Lagrangian of Yang-Mills 
theory (modulo a surface term). 

Before we proceed with the Hamiltonian analysis of the above Lagrangian, it is worth discussing 
its gauge symmetries. There are two sets: 

b^a'^, = D^<P\ d^a^ = CKf., (63) 

with the first one being the usual gauge symmetry, and the second being the realization of diffeomor- 
phisms in our context. Note that the action of diffeomorphisms is very simple, and the corresponding 
gauge invariance implies that the Lagrangian (j62p is simply independent of some components of the 
connection. We shall explicitly see this in the next subsection. 
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4.2 Hamiltonian analysis of the gravitational sector 

Conceptually the most clear way to understand what the Lagrangian (|62p describes is to perform its 
Hamiltonian analysis. We are necessarily brief here, to avoid repetition with [3]. As a first step, we 
shall consider (j62p on scales much smaller than the radius of curvature of our de Sitter background. 
This is achieved by replacing the covariant derivative by the partial derivative everywhere, and 
by replacing with their Minkowski spacetime version obtained by setting c{t) = 1. Thus, we study 
(I62p as a Lagrangian in Minkowski space. 

The Lagrangian is built from the combination Ti^'^'^d^ai, and so we compute it using a 3+1 
decomposition. We have: 

i:rd^ai = -idtoi + idial + ei^'dkaj. (64) 



Because of the projector involved in (I62p we immediately see that only the spin 2 part of the spatial 
projection a"!- of the connection is propagating. Its conjugate momentum is 



dC. 



= P^^^'hi (dta'^' - d'^ai + ie^'""a„a^) . (65) 



ddfa. 



Here we raise and lower the indices of o| freely using the metric 5ij. Our convention is that the first 
index in a*-^ is the spatial one and the second is internal. Here the first term (after the projector is 
applied) depends only on the spin 2 part of a^K However, the last term contains contributions from 
the other parts. So, we decompose 

= 4f + ^iikOk^ + <5ija(°^ (66) 
It is then immediately clear that there is no dependence on the spin part. A simple calculation gives 
T,io = Q^a(2) a + p{2) ij^^ (^-9^(4 + ia(i) ') + ie'^^nS^a^^) . (67) 

We now introduce the "magnetic" field 

(2) 

and write the Hamiltonian "Hgr = Tr^-'dtalj — £gr as 

-Hgr = \{TT^'f - m^'B,, - (aj, + ia^^) ^)a%,„ (69) 

where we have integrated by parts in the last term. We see that the last term gives rise to the usual 
"Gauss" constraint 

d'nij = 0, (70) 

(2) 

which generates the gauge transformations of the connection a-j 

^4>4^ = PiP'^d^cPu (71) 

where (pi is a parameter of the gauge transformation. These transformations can be used to set the 
gauge 

d'af = 0. (72) 
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We note that in this gauge the quantity e^^'S^aJ is automaticaUy symmetric tracefree transverse, 

so we can simply write B^^ = e^^^dkof^^ ■ Finally, to recognize the usual Hamiltonian for gravitons we 
rewrite (|69]l (with the Gauss constraint already imposed) as 

'Hgk = \{^'' --^B'^f + \{B^,f. (73) 

It is then clear that if we require a-^ and 

^ij ^ij _ -^ffi (74) 

to be real we obtain the usual graviton Hamiltonian. It can be put into a complete standard form by 
integrating by parts in the term [B^^)"^ . We get: 

noK = \{^'^?-\a^'^'^^af, (75) 

which describes two propagating polarizations (symmetric tracefree transverse tensors) of the graviton. 
Our final remark is that vr*-' — t- vr*-^ = vr*-' — \B^^ is a canonical transformation. Indeed, the quantity 

total derivative. To summarize, we have reproduced the usual free 
graviton Hamiltonian starting from (j62p . and so verified that the so(3) sector of our theory describes 
gravitons. For further discussion of issues related to this description the reader is referred to [3]. 



5 Yang-Mills sector 

We now study the sector of the theory which is described by the components of the connection in the 
direction in q that commute with e(so(3)). Thus, we further split a^^ as 

ai = eia'^ + eia-, (76) 

where form a basis in the centralizer of e(so(3) in g and spans the remainder of the Lie algebra. 
Thus, we have 

/Vefef = 0, Vi,a. (77) 
With the centralizer being a Lie algebra itself, we are free to choose the basis so that 

fjKeie^ = eif'at, (78) 

where f^bc are the structure constants of the centralizer. 

We now consider just the a" components of the connection. As in the case of the gravitational 
sector we start with the second line in (I47p . Using (I77p we see that the first term does not contribute. 
Then using ()28p we see that the second term contains ef /^jii'e^e^, which is zero in view of the cyclic 
property (I3ip of the structure constants and our assumption (I77p that the index a is in the centralizer. 
Thus, as in the case of the gravitational sector we only need to consider the first line in (j47p . 

Consider the following tensor 

f(2) ._ e^e^e^e^ (79) 

hj\ab- dXlJQXKL' J '^b- {'yj 

Because a, b are in the direction of the centralizer, this tensor must be invariant under independent 
S0(3) rotations of the indices ij, as well as under the action of the centralizer of e(so(3)) in g (which 
we shall denote by t) on ab. Thus, the above tensor must be proportional to 5ij times the invariant 
metric in t if J is simple, or to a linear combination of invariant metrics in if there are several such 
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metrics. For simplicity we shall assume that there is a unique (modulo rescalings) invariant metric in 
t, which we shall denote by gab, but we should keep in mind that there can be several such invariant 
tensors. In the latter case the Lagrangian below would involve several (all compatible with the gauge 
symmetry) terms. In the simplest case of a single invariant tensor we can write 

fSa, = '-f^vdab, (80) 

where is again an arbitrary constant that depends on the function / and the background. We 
note that unlike in the gravitational sector case, there is no reason why should be large. In fact, 
this is what becomes (related to) the coupling constant of the Yang-Mills fields once interactions are 
taken into account. Realistic theories have this of the order of unity, and so we assume that this is 
the case here as well. We make no attempt here to explain how a function / with such properties can 
arise, simply using the function with the required properties. 

We can now write the linearized Lagrangian for a" components of the connection. As in the case 
of the gravity sector we rescale a° — t- a"/ ^/gym to give the connection its canonical normalization. We 
divide the second variation by two to get the linearized action, and write the resulting Lagrangian 

Cym = -^6ijgab{J:'''''d^al){^^P-dpal), (81) 

where we have replaced the covariant derivatives by the ordinary partial ones because we now work 
with the sector that does not transform under the gravitational S0(3), and so fact that the background 
connection is non-trivial is of no significance here. 
We now take into account the fact that 

^S^^^S^'^'^ = AP^'•'P'' = 2gP^Pg''^'' - ie^'^'"" (82) 

is a multiple of the self-dual projector p^^'^P" , This means that modulo a term that is a total derivative 
the Lagrangian (jSip is the usual linearized Yang-Mills Lagrangian 

Cym = -^gabF^P^F^^, + surf, term, (83) 

where F^^ = 29[^a"j is the linearized curvature. We thus see that, as promised, in the sector described 
by the centralizer K of S0(3) in G one has the usual Yang-Mills theory dynamics. 



6 Massive sector 
6.1 The mass term 

As we have seen above, both in the gravity and the Yang- Mills sectors the "mass" term in the second 
line in (I47p does not contribute. The aim of this section is to analyze the remaining part a" of the full 
connection, which are the components charged under part of the Lie algebra that does not commute 
with the gravitational S0(3). We shall see that the mass term is of importance here, and that this 
remaining sector describes quite an intricate set of fields. Because these fields are generically massive 
they play a very important role in the symmetry breaking mechanism described in the Introduction. 

We start by analyzing the second line in (j47p . i.e. the mass term. The first term here contains the 
matrix of first derivatives of / projected on the a-part of the Lie algebra. In this case we can again, 
as in (I28p say that this must be proportional to the Killing- Cart an metric on the Lie algebra 

-^e^ = Kgijei, (84) 
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where the proportionahty coefficient k, however, can be completely unrelated to that in (I28p . Now 
defining 

fiap ■■= gijelfKLe^e^p = gijeifxLe^ef, (85) 

where we have used the cyclic property ()3ip of the structure constants we can write the second line 
in ([47|) as 

where we have used both and dHU). 

Let us compare the two terms in the brackets in the above expression. We know that for realistic 
theories the quantity f{m) ~ Mp/M"^ is very large. There is no a priori reason why the parameter k 
should be large, as in the case of the Yang-Mills sector there was no reason to assume gym to be large. 
So, it is safe to assume that 

f{m) > K (87) 

and drop the first term in ()86p . Note that M'^f{m) ~ Mp so, in case the relevant kinetic terms are 
canonically normalized, this is the natural mass scale to be expected to arise. Below we shall verify 
that this is the case. 



6.2 Kinetic term 

We now consider the kinetic term, i.e. the first term in (|47p . Again, we consider the relevant projection 
of the matrix of the second derivatives of the defining function /: 

,= _j!X—eUfeie'i. (88) 

Now that the e(so(3)) and the a parts of the Lie algebra do not commute there are many different 
invariant tensors that can arise here. A very convenient way to classify them is to think in terms of 
how the a part of the Lie algebra splits as a representation of the e(so(3)) Lie algebra. This is of 
course also the way that different embeddings of so(3) are classified, see below. So, in general, the 
part of the Lie algebra g that does not commute with e(so(3)) realizes a representation of so(3) and 
this splits into irreducible representations characterized by their spin. Thus, in general we can write 

y" = y-^iey^2^...ey-^fc, (89) 

where V"^ is the irreducible representation of dimension dim(y'^) = 2J + 1 and Ji, J2, ■ ■ ■ , Jk are 
the irreducible representations that appear. We note that there can be more than one copy of a 
representation of the same spin in the decomposition (j89p . This occurs e.g. when the centralizer of 
50(3) in is non-trivial. Then different copies of some V"^ of non-trivial multiplicity get mapped to 
each other by the action of the centralizer. An example of this will be encountered below with the 
centralizer being u(l). In this case, some representations appearing in (I89p are charged with respect 
to the u(l), and thus appear with multiplicity two (as oppositely charged). 

To disentangle the structure present in (I88p it is very useful to think about fij'a/s a map from 

the tensor product (E> V"' to itself. This map must be invariant under both the action of 5o(3) and 
the action of the centralizer. The representation V"' splits as 

v^^v = ej {v-'+^ e e W"^) , (90) 
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where the sum is taken over the representations that appear in (I89p . We thus see that in general the 
same irreducible representation of so(3) appears with multiplicity higher than one, even in case that 
all representations in ()89p have multiplicity one. We can then conclude that will be given by a 

linear combination of projectors on all representations that appear in (j90p with multiplicity one, as 
well as combinations of invariant maps between different copies of the same representation (in case of 
multiplicity higher than one). 

Our strategy will now be to consider the simplest case of being given by a single representation 
V"^ for some J. This is of course too strong of a simplification, as this only arises just for some 
embeddings into groups G of small rank. However, this example will be very helpful to understand 
what happens in general. We will come back to the general situation after this particular example is 
understood. 

Thus, assuming that there is a single representation in (j89p . from the fact that f-j^^i^ must be a 



tensor invariant under the so(3) transformations preserved by the background, we can deduce that the 
general form of j 
appearing in (|90l) 

f.(^) --( Kj+iP.-^+i + KjP/,.p, + Kj_iP:^.-\) , (91) 



(2) 

general form of is that of a linear combination of projectors on the 3 different representations 

1 



where P/,\^fi are the corresponding projectors, and kj are some arbitrary parameters, again related to 
the properties of the function / and the vacuum chosen. 

With the assumptions made, we can write down the massive sector Lagrangian connection as 

= -/gi^(S'^^I)^a-)(S^>'^Z),af ) + - f.^p^^ a'^^a^, , (92) 

where the subscript M in the Lagrangian refers to the massive sector. We emphasize that the con- 
nection variable here takes values in some V'^ irreducible representation of 5o(3), where V'^ is the 
representations that we assumed the part of g that does not commute with e(so(3)) transforms as. 

Before we proceed with our analysis of (j92p . it is very instructive to rewrite the identity that the 
quantity in brackets in (I5ip is zero in terms of the decomposition (I9ip . For this we need to convert 
the first term into the form present in ()9ip . We introduce the pull back of the metric gjj on the Lie 
algebra via ■ 



Qccp ■■= gije^ep, (93) 
and assume that it is non-degenerate (on V^) so that there is an inverse g°^^ . We can then write 

Si efef = f'^l] ,gue'g^\ (94) 

which is checked by contracting this formula with e^. We can now write the identity in question as 



What this identity says is that the components of the matrix of second derivatives in certain directions 
are related to the matrix of first derivatives. We would now like to identify which of the components 
in (|9ip are relevant. It is clear that what happens here is the projection of the matrix of second 



(2) 

derivatives flj^^p on the direction fia-y, i.e. on the direction of the structure constants. Indeed, we can 
write 

Piwp ~ g^'Msjp. (96) 
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We thus learn from this that the coefficient kj in (I9ip is of the same order as /(m) 

Kj ^ f{m)^ mI/M\ (97) 

which is very large. There is no reason to assume that the other parameters nj-i are as large as 

Kj, as there is no direct relation for them to the gravitational sector, which is the source of the large 
numbers in our scenario. Thus, we shall assume that are much smaller than kj. 

6.3 Summary of the problem 

We can now state the (simplified) problem that we need to solve. We have a Lagrangian for a 
connection taking values in some V"^ irreducible representation of so(3). It is a Lagrangian of the 
general form 

= -f'i.lp{^''''D,a^){i:^P"Dpal) + MV^^^/.a/^S^^^^a^, (98) 

where /*-^^ is a parameter, which is very large /(^) ~ M'^/M^. The tensor ffl^ a is a general covariant 

tensor that can be thought as an so(3) invariant map from (E> V"^ to V"^ , and thus splits into a 
linear combination of 3 projectors (19ip onto irreducibles (I90p . Moreover, the Lagrangian is invariant 
under the gauge transformations, which is essentially the statement that the coefficient kj in front of 
the projector on the J representation in (I9ip is proportional to f^^\ With the problem reformulated 
as above, we can forget about where the Lagrangian ()98p came from, and study it as it is. 

6.4 Hamiltonian analysis for J = 1 

Since for a general representation J the Hamiltonian analysis that leads to the description of the 
propagating degrees of freedom is rather involved, we would like to simplify things further by treating 
an example that can be seen to be generic. Thus, we take J = 1 and work out the Hamiltonian 
analysis of this case. Simple arguments then show that the pattern for an arbitrary J is exactly the 
same. 

We first write down ()98p explicitly with all the relevant projectors. We have 

A = (k24'L + y ^u'e/.-A' + {T,^^-D,ai){T.^P'^Dpal) + f^'hijk^^^-'aj.at, (99) 

where we have written down the P^^^ and P^^^ representation projectors explicitly. As we know from 
the discussion in the previous subsection, the coefficient /^^^ in front of the mass term is essentially 
the coefficient in front of the P^^^ projector in the kinetic term. This can be fixed from the condition 
that the Lagrangian is gauge invariant. We have 

J^(Sf Z)^ai) = 2Mh'^^<l)\ (100) 

Substituting this into the variation of ([99]) . integrating by parts in the second term and equating the 
result to zero we find /^^^ = ni and so the Lagrangian of interest is 

= ('^24lL + y^u^^fc + y'^ii'^fc/) {^'^"D^aDiE'^P^D.al) + KiM^e.^.S^^^a^^a^, (101) 

where K2,ki,ko are arbitrary parameters (related to the derivatives of the defining function), and 
Ki ~ Mp/M'^. We also note that, as far as the gauge invariance of the above action is concerned, 
when taking the Minkowski spacetime limit, we are free to replace the covariant derivatives by the 
ordinary ones in all of the kinetic terms but the one with the coefficient ki in front. Indeed, we have 
seen that only that term contributes non-trivially to the cancellation of the variation of the mass term. 
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However, we shall perform this replacement only at the end of the analysis, to keep the formulas for 
all the three sectors similar. 

We now have all the ingredients to perform the Hamiltonian analysis of the Lagrangian (jlOip . Let 
us first do the 3+1 decomposition of the kinetic term. The main building block is as before 

^f'D^ai = -idt4 + i Aa'o + ^i'^^Dkaj . (102) 

Here we have used the fact that the background connection ([7]) only has the spatial components. 
The kinetic term in (j92p is a square of this block, with the projector on one of the 3 representations 
appearing in the decomposition ()90p applied. Thus, we see that it is natural to split the spatial 
projection of the connection into the 3 irreducible representations ()90p of so(3) that it contains 

«ii = «Sf + l^ijk4^ + l^ija^'^^ ' (103) 

which is basically the same decomposition that we were using in the analysis of the gravitational 
sector, see (|66p . except that we introduced convenient for the later normalization factors. We now see 
that each irreducible component of the spatial connection can be propagating, in the sense that there 
is a non-zero conjugate momentum given by 



ddta)^> 2 2 
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Let us now substitute the decomposition ()103p into the object ek^'^dmCLni and compute its irreducible 
components. We get 

e.'^'eu^^DM = D^a^^^ + UitiDuaf^ - ^Aa^"^ (105) 

We now compute the time derivatives of the connection components in terms of the momenta and 
then compute the Hamiltonian. We have 

r(2) ij 



P,A'^)i3 - ^^^^'^ I p{2)ij\kl fn , j_ i (l)^ ■ mnn 

Ota — — 1- -r ^ ^ \L>k[aoi + -aj^ ) - i€k ^ma^i I 



We now have 



a,a(^)^ = ^ + ,^i^iD,{aoi - ^4^)) - iAa(2)'^ + ^il^^a^, (106) 

a,a(°) = ^ + D^(ao.-ia«). 

HQ 



/^(2)ii .. T,mk ..vr(0)\ 
T.'f'D^ai = -i + e^^u + 5*^ , (107) 

\ K2 Ki Kq I 



and so the kinetic term of the Lagrangian is equal to 



1 / (7r(2))2 2(7r«)2 3(7r(0))2\ 
' ^ ^ + — + ^ . (108) 



K2 K.I HQ 
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On the other hand, the mass term in the Lagrangian (llOip computes to 

«iM^ (2iao.a(i)^ + ^-{a'^'^f + ^ia^'^f - (a^^))^) , (109) 

which is a term involving the Lagrange multiplier ooi, and a set of mass terms for the components of 
the connection. 

We can now compute the Hamiltonian 

nl = 7r(2)5ia(2) + vr(i)5ia(i) + vr^SiaW - Ci,. (110) 

We get 

where we integrated by parts in the last, constraint, term. It can be checked by an explicit (but a bit 
involved) computation that the Hamiltonian commutes with the Gauss constraint in the last line. 

6.5 Gauge- fixing and the propagating modes 

The last line in pil|) is the Gauss constraint. We note that, importantly, it generates the usual gauge 
transformations of the connection components, as well as simple shifts of the momentum vr^^^ variable 

S^TT^^^' = -2iKiM^^\ (112) 

Thus, we can fix the gauge completely by requiring 

7rW^ = 0. (113) 

In this gauge the Gauss constraint equation then gives the connection component a*^^^ in terms of the 
momenta vr^^^ and vr^''^ We have 



We thus see that the spin 1 sector is non-propagating, and is completely determined by the spin 
2 and spin sectors. We now substitute (jll3p and (jll4p into the Hamiltonian (jllip . After some 
elementary transformations (including integrating by parts) we find that the gauge-fixed Hamiltonian 
decouples into two Hamiltonians for the spin 2 and spin zero sectors correspondingly. We now take 
the Minkowski spacetime limit, which consists in simply replacing the covariant derivatives by the 
usual ones. In taking the limit M — )• we need to take into account that the quantity kiM^ ~ Mp 
stays constant. The spin two Hamiltonian is then 

gjl+l _ (tT^^^)^ ,^2/ (2)^2 ■{2)ij^ kla J2) /' _(2) \2 i 

The spin zero Hamiltonian is 

The reason that we wrote the spin two and zero as 1 it 1 is that the same pattern of only spins J it 1 
being propagating holds for an arbitrary representation J, as we will further comment on below. 
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6.6 Evolution equations 

The above Hamiltonians are almost the final answers for the spin J = 1 sector, except that the 
fields they contain are not canonically normalized. Instead of performing rescalings of the position 
and momenta variables (as well as some field redefinitions) to put the Hamiltonians in the canonical 
form of a massive particle, we exhibit the interpretation of the above systems by simply deriving the 
equations of motion for the corresponding components of the connection. This is a bit non-trivial 
exercise for the spin 2 sector because all 5 of the components of this connection propagate and so 
the connection is not transverse. It is best done by introducing the operator ed that maps symmetric 
tracefree tensors into same symmetric tracefree tensors. Thus, we define 



(eda^%j := ''efc"^"a™ai?. (117) 

One then finds that its square is 

iiedfa(%^ = lpip'%{d-a^:l) - Aa^ . (118) 

We see that on transverse tensors (such as those appearing in the case of the gravitational sector 
studied above), the square of ed is just (minus) the Laplacian. In general there is an extra part 

(2) (2) 

that involves the transverse part d^ai- of (\- . However, this part is cancelled by exactly the same 
contribution appearing in the field equations derived using (jllSp . The single evolution equation for 
all 5 of the components of a^^^ is then found to be 

a(2) = ^^a(2) + Aa(2). (119) 

1^2 

We see that all 5 components of the spin two field propagate, and that they are massive particles with 
the mass 

ml = . (120) 

1^2 

This is of the order of the Planck mass squared if K2 is of order unity. However, there is no reason 
why K2 cannot be chosen to be large, so that the mass is much smaller than Mp. Note that the above 
formula does not imply that the spin two particle is a tachyon, for the defining function / can be 
chosen so that K2 is negative. 

A similar evolution equation for the spin zero component is much easier to derive, and one gets 



aW = -^^aW + Aa(0), (121) 



from which we identify the corresponding mass as 

ml = — . (122) 

Again, the scale of this depends on the parameter kq that can in principle be large. 

All in all, we find that in the analyzed case of the sector J = 1 the propagating field content of the 
system is that of massive spin J it 1 = 0, 2 fields. The masses are given by (jl20p . ()122p . and can in 
principle be smaller than the Planck scale, if one chooses the defining function of the theory to have 
large second derivatives in the corresponding directions. Alternatively, one can, if desired, to arrange 
the spin zero particle to have mass much smaller than Mp so that it is relevant for the low energy 
physics, and leave the spin 2 particle to have Planckian mass (and thus effectively invisible). We will 
discuss all these possibilities below, when we talk about different scenarios arising in our framework. 
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6.7 Discussion of the general case 

We now make some comments on the general J situation, still being in the context of an (oversimplified) 
scenario when the complete part of the Lie algebra that does not commute with so(3) is a single copy 
of some irreducible representation . The analysis in that case follows exactly the same logic. It 
is however more non-trivial to spell out, for one needs explicit formulas for the projectors appearing. 
It is best done using spinor notations, in which the projectors are easy to write. The outcome 
of this general analysis is exactly the same, for each spin J sector one finds spins J it 1 as the 
propagating massive modes. This can be seen rather easily by noting that the mass term will only 
couple the Lagrange multiplier ag to the P'^{af) component of the connection. This means that the 
Gauss constraint generates (apart from gauge transformations of of) shifts in the momentum variable 
conjugate to P'^(a°), and that therefore this momentum variable can be gauge-fixed away as in (|113p . 
The connection component P-^^af) is then found from the Gauss constraint equation. Thus, the 
complete spin J sector does not propagate, leaving us with only J ±1 propagating spins. The mass 
parameters for these two sectors are always of the order of Mp/ ^kj±i, and so in principle can be very 
different from Mp. We do not see much value in repeating the analysis for the general J, given that 
the result can be expected already from the analyzed case J = 1. 

Let us now discuss what happens in a more realistic case when there is more than single irreducible 
representation appearing in ()89p . Let us still stay in the setting when all irreps in (j89p appear with 
multiplicity one. We then look at the decomposition ()90p and see that typically (unless the distance 
between any two J's in (j89p is | Ji — J2I > 3) there will appear non-trivial multiplicities. For example, 
when there are just two spins in (j89p . e.g. J and J + 1, then tensoring with spin one representation 
gives spins J — 1,J + 2 with multiplicity one, but J,J + 1 with multiplicity two. The analog of the 
Lagrangian ()98p in this case will couple all these fields. However, there will be two Gauss constraints 
that allow one to eliminate one spin J and one spin J + 1 field. Indeed, this is just eliminating the 
components of the connection that are pure gauge. So, in this more non-trivial example one will be 
left with massive fields of spins J — 1,J, J-|-l,J-|-2 propagating. It is a much more non-trivial exercise 
to disentangle the propagating fields in this case, and we shall not attempt it in this paper. What is 
important for us is that it is easy to see which spins will be propagating, and that it can in general 
be expected that all the spins are massive fields. 

The analysis of the general situation follows the same pattern. One looks at the general decompo- 
sition (|90p from which one erases all the fields that can be eliminated by gauge transformations. The 
set of propagating fields is then described as 

®j [v^^^ ® v^-^) \®jv-^ = ®j (y-^+1 e v-^-^) , (123) 

where in general one and the same spin can appear more than once. All these fields should be 
expected to be massive, with masses determined by the coupling constants appearing from the matrix 
of second derivatives of the defining function /. The natural scale for all the masses is Mp, but if 
the dimensionless couplings arising are allowed to be large than the masses much lower than Mp can 
be obtained. The masses of all particles of the same spin related by the action of the centralizer of 
e(5o(3)) are the same. 

We now put together all the elements that we have collected so far, and describe the arising 
symmetry breaking picture. 

7 Symmetry breaking pattern 

For readers lost in the intricacies of the analysis above, we summarize the picture arising so far in 
simple terms. Backgrounds of our theory are classified by embeddings of so(3) ~ s/(2) into g, and thus 
break the gauge symmetry down to a smaller group, which always contains S0(3), but in general also 
contains the centralizer of this S0(3) as embedded in G. The components of the linearized connection 
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in the direction of S0(3) describe usual gravitons, with their two massless propagating polarizations. 
The components in the direction of the centralizer K of SO (3) describe Yang-Mills gauge bosons 
(two massless polarizations per each Yang-Mills group generator). The components of the linearized 
connection in the remaining directions in g are massive fields. The best way to understand what they 
are is to decompose the part of g that does not commute with so(3) into irreducible representations of 
so(3). As we shall explain below, this is also the best way to characterize the embedding of so(3) into q 
in the first place. Let {J} be the set of spins that appear. One then obtains a set of typically non-zero 
spin fields, all massive. The spins that propagate are Jit 1 of all the spins J £ {J} that appear in the 
decomposition of the part of the Lie algebra g that does not commute with the embedded sl{2). 

We now illustrate this pattern on the example of algebras g = su{N). However, we first explain 
how the embeddings of so(3) ~ sZ(2) into 5l{N) can be classified. 

7.1 Embeddings into sl{N) 

The material in this subsection is completely standard, see e.g. [lOj . section 3.1.4 for a particularly 
useful description. Inequivalent (modulo conjugation) embeddings of so(3) into 5l{N) are classified 
according to how the fundamental A^-dimensional representation ol 5l{N) splits into irreducible rep- 
resentations of so(3). This splitting gives rise to a pattern 



where d are integers not equal to zero - dimensions of irreducible representations of 5/(2), and one can 
always order them so that di > d2 > ... > dk- One is usually not interested in the embedding that 
sends all of so(3) to zero, which is eliminated by requiring di > 1. It can be shown that any pattern 
in (jl24p is possible and corresponds to a unique (modulo conjugation) embedding of so(3) into 5l{N). 
The corresponding so(3) spins are J = {d — l)/2. 

While (I124p classifies the embeddings, for our purposes it is also necessary to know how the adjoint 
representation of 5l(N) splits into irreducibles of so(3). A convenient in practice way to do this is to 
note that 



where zero denotes the trivial representation. One then finds the splitting of 5l{N) into irreducible 
representations of so(3) by simply tensoring together two sums (jl24p and then subtracting the trivial 
representation of spin zero. Below we shall see how this procedure works on examples. 

7.2 s/(3): Massive photon 

There are, up to conjugation, just two different embeddings of s/(2) into sZ(3). We now consider each 
one in turn, indicating the arising Yang-Mills gauge group (i.e. the centralizer of the embedded s/(2)) 
as the title of the corresponding subsection. For the convenience of the reader we also indicate the 
massive particles content. The upshot of this subsection is that the massless photon of one vacuum 
becomes massive in the other. This simplest non-trivial setup of sZ(3) thus provides the simplest 
example of our spontaneous symmetry breaking mechanism. 

7.2.1 i = u(l), massive electrically charged spin 3/2 particle 

The first embedding to consider is what can be called the trivial (or obvious) embedding where one 
of the two dots of the Dynkin diagram for sZ(3) is chosen to be image of the ff-generator of sZ(2), 
and a pair positive-negative roots is chosen to be the E± generators. In more basic terms, in this 
embedding one takes the upper left 2x2 corner of the 3x3 matrices representing sZ(3) to be the sZ(2). 
Under this embedding, the fundamental 3-dimensional representation of sZ(3) splits as 3 = 2 -|- 1. In 



N = di + ... + dk, 



(124) 



5l{N) = N0N-O, 



(125) 
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terms of spins, we get the fundamental spin 1/2 and trivial spin zero representations of s/(2). Thus, to 
determine the decomposition of the adjoint representation we perform the tensor product as in (|125p : 

s/(3) = e y°) e -v^ = v^® 2V^'^ e v^. (126) 

Our notation is that is the space of irreducible representation of sZ(2) of dimension 2J + 1. The 

part here is the embedded so(3), the part is the one-dimensional centralizer generated by the 
matrix diag(l, 1, —2), thus giving us a copy of u(l). The two copies of the fundamental representation 
V^f'^ then span the part of the Lie algebra that does not commute with so(3). 

The field content corresponding to this embedding is as follows. We have gravitons for so(3), as 
well as the Maxwell electrodynamics for u(l). The remaining part describes massive particles, for 
which we have twice F^/^ ®V'^ - V^l'^ = F^/^. Thus, in this case there are two spin 3/2 particles. It 
is easy to see that they have opposite electric charge (i.e. transform in the opposite way with respect 
to u(l)). This is certainly not very realistic example as we have exotic spin 3/2 particles present. But 
these can be made to have masses of the order Mp, and thus effectively invisible if one so wishes. Then 
this embedding describes a simple model for gravity plus electromagnetism unified. 

We note that in spite of bosonic particles of half-integer spin being present, one does not encounter 
problems of the type that seem to be guaranteed by the spin-statistics theorem. The later says 
that half-integer spin particles must be described by anti-commuting variables, for otherwise the 
Hamiltonian is unbounded from below. However, as is well-familiar from the textbook case of particles 
of spin 1/2, this is a result of using Lagrangians that are first order in derivatives. In contrast, our 
spin 3/2 particles in the example just considered are described by a second derivative Lagrangian. In 
fact, as can be seen by an explicit computation given in the resulting Hamiltonian (in a particular 
gauge) is that of 4 charged scalar particles. There is no problem whatsoever with describing these 
particles using commuting variables, as is the case in our construction. We give more comments on 
the arising higher spin Lagrangians in the discussion section. 

The described embedding was first analyzed in [1], using however a different (but equivalent) 
formulation of the theory in terms of Lie algebra valued two-forms. In this reference it was found that 
there are 4 charged massive scalars (of equal mass) propagating, but it was not realized that these 
scalars form the spin 3/2 representation. The present analysis fills this gap. 

7.2.2 t = 0, massive Maxwell field (plus spin 3 field) 

Let us now consider the other embedding. This is the so-called principal embedding, in which the 
fundamental 3-dimensional representation of s/(3) is irreducible with respect to the sZ(2) embedded. 
Thus, we have for the Lie algebra 

s/(3) = y^^y^-F° = F^eF2. (127) 

We see that in this case the centralizer of so(3) is empty, and the u(l) symmetry of the previous 
background is completely broken. The part here still describes gravity, but the other part is more 
interesting. Instead of massless spin 1 particle and two massive spin 3/2 charged particles of the 
previous case, all in all containing 2 -|- 2 x 4 = 10 propagating modes, we now have massive spin 
2 lb 1 = 3, 1 fields, containing the same 7 -|- 3 = 10 components. We see the the modes reorganized 
themselves quite non-trivially in this second background. The massless spin 1 Maxwell field of the 
previous background absorbed one of the models described by two spin 3/2 particles and became 
massive. All remaining 7 modes have now combined into a massive spin 3 field. This example clearly 
demonstrates that we have all the ingredients of a Higgs mechanism, in which changing the vacuum of 
the theory changes the spectrum of the modes, with massless gauge bosons of one vacuum becoming 
massive in the other. 

We thus see that the simplest case of g = 5/(3) already gives an example of a mechanism via which 
the gauge field can be made massive. Note, however, that there is no Higgs boson (massive spin zero 



26 



particle) in our setup. This is the principal difference with the usual Higgs scenario that would use a 
charged scalar field (Higgs field) to break the U(l) symmetry, and thus give rise to a spin zero Higgs 
particle. Instead, of the Higgs boson, our scenario gives rise to an exotic spin 3 particle. If desired, 
this can be made very massive and thus effectively invisible, so that one gets a simple realistic example 
of the spontaneous breaking of the u(l) gauge symmetry. 

7.3 Sl{4) 

We now consider a more non-trivial, but also more interesting example of 5^(4) Lie algebra. We now 
have 4 different embeddings. Again, we treat them in turn, indicating the arising pattern in the title 
of each subsection. 

7.3.1 i = s/(2) X u(l), massive charged spin 3/2 field 

We start with the simplest "trivial" embedding "in the upper left corner" . For this we have 4 = 2+1+1, 
and then the Lie algebra splits as 

s/(4) = (y^/^ e y° e ® (y^^'^ e t/° e -v^ = v^® 4^^/^ ^ 3^0 ^ yo^ ^^28) 

where we wrote the centralizer as 3^'' © to indicate that it is in fact the Lie algebra s/(2) x u(l), 
where the sZ(2) is realized as the algebra generated by 2 x 2 matrices in the lower right corner of the 
4x4 matrices 51(4) and u(l) is generated by diag(l, 1, —1, —1). Thus, the unbroken symmetry of this 
background is a copy of s/(2) describing the gravitational sector, as well as sZ(2) x u(l) describing 
the unbroken "electroweak" Yang-Mills theory. The other, more exotic particles in this background 
are 4 spin 3/2 particles, which can all be viewed as just a single electrically charged massive spin 
3/2 particle transforming in a fundamental representation of the electroweak s/(2), together with its 
anti-particle. 

Any other background will break the above symmetry, and produce a different pattern of excita- 
tions. One can break either s/(2) symmetry, leaving the u(l) intact, or the opposite, or break all of 
the symmetries. Let us consider the embedding that breaks the u(l) symmetry, but preserves s/(2). 

7.3.2 i = 5l{2), massive scalar (plus spin 2), both in the adjoint of i. Unbroken elec- 
troweak Georgi-Glashow model 

This is the embedding that splits the fundamental 4-dimensional representation as 4 = 2 + 2. We have 
for the adjoint 

5/(4) = (y^/^ © © (y^/'^ © v^^^^ -v° = v^® 3V^ © 3V°. (129) 

This is the embedding that is realized by putting the generators cr* (Pauli matrices) of s/(2) into s/(4) 
as diag (cT*, 0"*), with the diagonal 2x2 blocks filled with o"* and the off-diagonal 2x2 blocks being 
zero. The centralizer here is in fact a copy of 5l{2), generated by cr* now understood as a 4 x 4 matrix 
in which every element of the Pauli matrix cr* is replaced by a unit 2x2 matrix. So, the symmetry 
preserved by this background is the gravitational s/(2), as well as another copy of Yang-Mills s/(2). 
The u(l) of the previous background is broken, as we promised. 

Let us now consider the massive sector of this background. We have 3 massive spin 1 + 1 = 2,0 
fields. In other words, we have a massive scalar that transforms as an adjoint representation of the 
Yang-Mills s/(2), as well as a spin 2 particle that also transforms as the adjoint. If desired, the massive 
spin 2 particle can be made very massive, thus eliminating it from the picture. This leaves us with 
gravity plus SU(2) Yang-Mills plus a massive scalar transforming in the adjoint of SU(2). This is the 
set up of the electroweak Georgi-Glashow model [llj with its Higgs in the adjoint, the precursor of the 
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Weinberg-Salam model of the weak interactions. The non-triviality of our example is in the fact that 
it is here supplemented by gravity. It is also worth emphasizing that we have obtained a propagating 
spin zero (scalar) particle, something that is not trivial in the present context of gauge theories that 
work with one-form fields only. 

7.3.3 i = u(l), massive neutral spin 1 (-|- spin 3) particles, charged spin (-|- spin 2). 
Electroweak symmetry breaking with scalar 

With the previous example giving us a Higgs field transforming as the adjoint representation of the 
weak sZ(2) we would expect that breaking of this symmetry gives us two charged massive spin 1 
particles, and no massive neutral spin 1, as in the Georgi-Glashow model [11]. Instead, something else 
happens, as we now demonstrate. 

So, we now break the 5/(2) symmetry, while leaving u(l) intact. This is achieved by the principal 
embedding of the gravitational s/(2) into the upper left corner sZ(3). The fundamental representation 
splits as 4 = 3 + 1, and we have for the adjoint 

s/(4) = {v^ e y°) {v^ e - v'^ = v^ ® 2V^ e (iso) 

The first of here is the embedded gravitational 5/(2), the factor of is the unbroken u(l), while 
the irreps V^,2V^ correspond to the massive sector. We now apply our J it 1 rule and see that we 
obtain electrically neutral spin 3,1 massive particles from V'^, and charged particles of spins 2,0 from 
2V^. This is almost the realistic breaking of the electroweak symmetry, where we have neutral Z, and 
charged bosons, except for the fact that our bosons are spin 0, not spin 1 particles as they 
are in the Standard Model. The other exotic spin 3 and spin 2 particles can be eliminated from the 
picture by making them massive. 

This example illustrates quite well that the patter of symmetry breaking that we get is very distinct 
from that in the usual Higgs mechanism. Indeed, we would expect to get no neutral spin one particle, 
while having two charged massive bosons. Instead, we did obtain the neutral massive spin one, 
but the massive bosons are scalars, not spin one particles. Below we will present a more realistic 
scenario where all the massive gauge bosons of the broken electroweak theory are present. 

7.3.4 € = 0, massive particles of spins 1,2,3,4 

We now consider the principal embedding that breaks all of the symmetries (apart from the gravita- 
tional one). The fundamental representation is irreducible 4 = 4, and we have 

5/(4) = F^/^ (g> _ yO ^ y3 ^ y2 ^ yl^ ^^3^^ 

The last factor here is the gravitational 5/(2), while the rest gives rise to massive particles of spins 
1,2,3,4. The spin 1 massive particle here can be thought of as the massive gauge boson arising by 
breaking the u(l) gauge symmetry present in the original background. 

7.4 s/(5) 

This set of examples is particularly interesting because one finds precisely the content of the unbro- 
ken Weinberg-Salam model in one of them, with the electrically charged Higgs in the fundamental 
of the electroweak 5/(2). However, breaking the symmetry further no Standard Model symmetry 
breaking pattern arises, which shows that the mechanism here is indeed different from the usual Higgs 
mechanism. We shall encounter the Standard Model SB patter in the context of the 5/(6) setup. 
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7.4.1 t = sl{3) X u(l), massive charged spin 3/2 field 

We again start from the simplest possible embedding, also the one that leaves as much as possible of 
the symmetry unbroken. The fundamental representation splits as 5 = 2 + 1 + 1 + 1, and we have 

s/(5) = (V^/^ © 3F°) «) (V^/^ © 3F°) -1/0 = 1/1© 6^1/2 © 9V°. (132) 

We thus again see a massive spin 3/2, electrically charged, as well as transforming in the fundamental 
representation of s^(3). 

This is the pattern that generalizes to the trivial embedding into sl{N), in that one finds the group 
3l{N — 2) X u(l) unbroken, with a single massive electrically charged spin 3/2 field transforming in 
the fundamental of sl{N — 2). All other symmetry breaking patters arise by breaking some of these 
5l{N — 2) X u(l) symmetries with the help of the spin 3/2 Higgs fields. So, we can, if desired, think 
about our symmetry breaking mechanism as the usual Higgs mechanism that, however, works not 
with Higgs scalars, but with Higgs spin 3/2 fields. It is then possible to give these fields a non-trivial 
VEV without breaking the Lorentz symmetry by considering non-trivial embeddings of sZ(2) into Q. 

7.4.2 t = s/(2) X u(l), spin (+spin 2) neutral, in the adjoint of sl{2), spin 3/2 charged 
in the fundamental of s/(2) 

We now consider the fundamental split as 5 = 2 + 2 + 1, with the adjoint decomposing as 

sZ(5) = (2v^/^ © (^21/1/2 © - yo = 4 {v^ © v°) © av^/^. (133) 

The massive sector here is composed of 3V^ and 41^^/^ representations, which give rise to electrically 
neutral spin 0,2 fields transforming in the adjoint of s/(2), as well as electrically charged fields of spin 
3/2 transforming in the fundamental of 5/(2). This is not a very illuminating example. 

7.4.3 i = s/(2)xu(l), massive electrically charged spin (+spin 2) field in the fundamental 
of sl{2), neutral spin 1 (+spin 3) field. Standard Model Higgs field 

The next example has exactly the same symmetry breaking pattern as the previous one, but much 
more interesting massive field content. The fundamental splits as 5 = 3 + 1 + 1, and the adjoint as 

sl{5) = {V^ © 21/0) (g) {V^ © 21/0) -v^ = V^(S)V^® AV^ © 41/0. (134) 

Thus, the massive sector here is composed of 1/^ and AV^ representations, which give rise to spin 
1,3 massive fields that are neutral with respect to the full unbroken Yang-Mills group sZ(2) x u(l). 
The four copies of on the other hand give rise to a charged field of spin 0,2 transforming in the 
fundamental of 5/(2). Making all the fields apart from the charged field in the fundamental of 5/(2) 
very massive we have the set up of the Weinbcrg-Salam model of elcctroweak interactions, before the 
symmetry breaking. The spin zero field is just the usual Standard Model Higgs. We shall see, however, 
that it is not possible to obtain the Standard Model symmetry breaking pattern staying in the s/(5) 
setting. It does arise, but one has to take a larger gauge group 5/(6), as we shall see below. 

7.4.4 = u(l), neutral spin 0,1,2,3, charged spin 1/2, 3/2, 5/2 massive fields 

Our next two examples break the electroweak s/(2) while leaving u(l) intact. They are interesting 
from the point of view of seeing that in spite of the Standard Model Higgs field being present here, 
we do not get the Standard Model SB pattern. We start with the splitting of the fundamental as 
5 = 3 + 2, with the adjoint splitting as 

5/(5) = (V^ © (g) (v^ © 1/1/2) = V^®V^®V^®2 (v^/^ © 1^i/2j yi_ (-135) 
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The massive sector here consists of 1/^,1/^,2^^/^,21/^/^ representations. The first two give rise to 
electrically neutral spin 0,1,2,3 fields. The second two give rise to electrically charged spin 1/2, 3/2, 5/2 
fields. The most interesting feature of this example is the presence of an electrically neutral scalar. 

7.4.5 t = u(l), neutral spin 1,2,3,4, charged spin 1/2, 5/2 massive fields 
In this example the fundamental splits as 5 = 4 + 1 and the adjoint as 

sZ(5) = (^^3/2 ^ yo^j ^ fy3/2 ^ yo^ = V^®V'^®V^®V°® 2T/3/2. (136) 

The massive sector here is made from V^, V"^, 21/^/^ representations, giving rise to electrically neutral 
spin 1,2,3,4 fields, as well as electrically charged spin 1/2,5/2 fields. Thus, we do get the neutral 
Z-boson in this example, but our charged W"^ particles have the wrong spin: 1/2 instead of 1 as in 
the Standard Model. 

7.4.6 € = 0, massive particles of spins l,2,3(tvifice),4,5 

In this last example all of the symmetries arc broken, and the fundamental is an irreducible represen- 
tation of the embedded gravitational sl{2). Thus, 5 = 5 and the adjoint splits 

5/(5) = ^ 1/2 _ yO ^ y4 ^ y3 ^ y2 ^ yl _ ^^37^ 

The massive sector here consists of spin 1, 2, 3 (twice), 4,5 fields. This example generalizes to the 
principal embedding into sl{N), where one gets massive fields of spins 1, 2, 3 (twice), 4 (twice), 
. . . , - 3 (twice), N -2 (twice), N -1, N. 

7.5 s/(6). Standard Model symmetry breaking pattern 

Our last example is the setting of sl(6) gauge group. We will not treat all of the different 9 possible 
embeddings, leaving this as an exercise to the reader. We will describe only a single embedding that 
is interesting because it gives rise precisely to the Standard Model symmetry breaking pattern. This 
is the embedding in which the fundamental representation splits as 6 = 5 + 1, and so we have for the 
adjoint 

s/(6) = (1/2 e 1/°) «) (1/2 © 1/°) - 1/° = 1/^ © 1/3 y2 ^ ^ 2V^. (138) 

The group is broken here down to a copy of u(l) (times the gravitational sl{2)), as is appropriate 

for the Standard Model clcctrowcak sector after the symmetry breaking. The key ingredient here 
is 3 copies of the spin two representation, with one of them being neutral, and the other two being 
electrically charged with the opposite charge. These give rise to spin 1 (plus spin 3) neutral field that 
can be interpreted as the Z boson, as well charged fields of spin 1 (plus spin 3) that can be interpreted 
as bosons. The spin 3 components here can all be made very massive to eliminate them from the 
picture. The other content comes from V^, V'^ representations, that give rise to massive neutral spin 
2,3,4,5 particles, which can again all be made very massive. Thus, we get an example that includes 
all the particles of the symmetry broken Standard Model (without the Higgs boson but with exotic 
massive higher spin particles), as well as gravity. 

8 Discussion 

We recapitulate the main points of our construction. We described a class of connections that have 
a high degree of symmetry and that satisfy the field equations of our diffeomorphism invariant gauge 
theories. The connections are in one-to-one correspondence with embeddings of sl{2) ~ so(3) into the 
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Lie algebra g of the gauge group of the theory. For a given gauge group, there is only a finite number 
of inequivalent (modulo conjugation) embeddings, and thus a finite number of "vacua". 

We did not yet discuss the question of how the theory chooses dynamically which vacuum to live in. 
However, it is clear that the action of the theory takes a different value on each vacuum. This value can 
be interpreted as the integral of f{m)M* ~ A/G, where A is the corresponding energy density. Thus, 
as in the usual Higgs mechanism we can simply postulate that the vacuum that gives the absolute 
minimum of /(m) is chosen, where m^^ = efejS^^ is the value of the matrix X^"^ ~ A F'^ that 
corresponds to a given embedding . It is clear that choosing the defining function / of the theory 
appropriately we can make any of the possible vacua to be the absolute minimum. 

We have also seen that each vacuum solution gives rise to a spacetime metric, and that this 
spacetime metric is in all cases the constant curvature de Sitter metric (anti de Sitter spacetime is 
also possible, and corresponds to simply taking the parameter M to be imaginary). The radius of 
curvature of this de Sitter space 1/M, or the curvature is completely arbitrary. But, once it 
is fixed, all distances in the theory are measured in units of 1/M. This is the only place where a 
dimensionful quantity enters into the construction, as there is no dimensionful coupling constants in 
our theories. Thus, all dimensionful quantities in our setup get expressed as multiples of powers of M. 
In other words, the dimensionful parameter M plays the role of the unit of mass (and thus length) 
for our theories. It is very convenient to fix M to be related to the observed value of the cosmological 
constant as A ~ M^, for then the de Sitter metric that we use here becomes close to the metric of our 
Universe as seems to be currently observed, and the usual identification of distances becomes possible. 

We then linearize the general diffeomorphism invariant gauge theory Lagrangian around a particu- 
lar vacuum solution. The connection perturbations have three different components: (i) those charged 
under the image of 5/(2) in g, and we refer to these components as those describing the gravitational 
sector; (ii) those charged under the ccntralizcr of the embedded 5l{2) in g, and we refer to these as the 
Yang-Mills sector; (iii) those charged under the part of the Lie algebra g that does not commute with 
the embedded sl{2), and these are referred to as the massive sector. We have then shown that, for 
a generic defining function /, the gravitational sector connection components describe gravitons with 
their two propagating polarizations, and the Yang-Mills components describe the linearized gauge 
bosons with the usual Lagrangian. The analysis of the massive sector is more involved, but we have 
seen that this in general describes massive particles of various spins. The spin content can be deter- 
mined by looking at how the part of the Lie algebra that does not commute with sl{2) splits as a 
representation of sZ(2). This is in general a sum over irreducible representations of some spins J. The 
propagating massive fields are those of spins J zt 1. We have then analyzed a large set of examples 
and showed how the symmetry breaking mechanism works in practice. 

Before discussing the symmetry breaking patterns that are possible, we would like to emphasize 
that some of the Lagrangians arising from our construction are not standard. This is in particular the 
case for the gravitational sector, where we describe spin two particles (gravitons) using sl{2) valued 
connections. The same is true for the massive sector, where we have seen that typically higher spin 
fields arise. However, the arising Lagrangians are non-standard, and in particular, not those that 
are encountered in the higher spin literature. For instance, we have seen the half-integer spins are 
possible and quite generic. One might immediately jump to a conclusion that the mechanism described 
here is sick, as it often leads to bosonic particles of half-integer spin, seemingly violating the spin- 
statistics theorem. However, one should bear in mind that the theorem is proved for a certain type 
of Lagrangians. Its textbook case of spin 1/2 particles is for the Dirac Lagrangian that is first order 
in derivatives. The requirement of positivity of energy is then the main reason for having to use the 
Fermi statistics for the spin 1/2 fields described by the Dirac Lagrangian. In contrast, the Lagrangians 
that arise from our construction are always second order in derivatives. After the gauge is fixed one 
can always view the massive fields arising as a collection of scalar fields, which, however, transform 
non-trivially under the chiral half of the Lorentz group, forming an irreducible representation of some 
spin J. Because of the second derivative nature of the Lagrangian, the Hamiltonian for our massive 
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fields is just the sum of positive definite Hamiltonians of a set of scalar fields, and so no problems with 
positive definitness arise. Thus, there is no need to use Fermi statistics for our half-ingeral spin fields, 
and in any case this would not be possible as they came from a bosonic connection. We appreciate 
that this aspect of our construction is very non-standard, but it is clear just by inspecting the arising 
positive definite Hamiltonians that there is no problem at least at the linearized level studied. We will 
come back to the problem of interactions below. 

Another interesting aspect of our construction is that it gives a theory of only a finite number of 
higher spin particles (together with gravity and possibly Yang-Mills fields), interacting on a constant 
curvature background. As is well-known from the higher spin literature, the usual construction requires 
an infinite number of higher spin fields for a consistent theory. This gives another illustration to the 
fact that our Lagrangians cannot be the usual higher spin Lagrangians. The characteristic features 
of the Lagrangians that appear from our construction is that they use one-forms with values in some 
representation of the chiral half of the Lorentz group as the basic fields, not spacetime tensors of 
some rank as in the usual constructions. Our Lagrangians also use the 't Hooft symbols (self-dual 
two-forms) to contract the spacetime and internal indices. This is the other difference with the usual 
case where no such objects is used. It would be very interesting to understand if there is any relation 
between our setup and the usual higher spin theories based on spacetime tensors. We do not attempt 
this in the present work, however. 

To summarize, once expanded around one of the vacua our theory gives rise to gravitons and 
Yang-Mills gauge bosons, as well as to a set of massive fields of generally non-zero spin. However, as 
we have seen from the examples above, the spin zero massive particles are also possible. Our mass 
generation scenario is rather different from that of the Higgs mechanism, and this is worth discussing 
in more details. Above we have seen that our linearized gauge theory Lagrangian has a non-trivial 
mass term and is nevertheless invariant under gauge transformations. This is only possible because we 
work in a constant curvature background (de Sitter space), and the wedge product of two covariant 
derivatives gives the background curvature that is of the order M^. Then the term that comes from 
the variation of the kinetic term of the action cancels the variation of the mass term. This is a familiar 
mechanism for mass generation in a constant curvature background. In fact, it is well-known that e.g. 
gravitons in a homogeneous isotropic FRW Universe can be viewed as particles of a time dependent 
mass. What we have here is very similar to this well-known phenomenon. What is unusual, however, 
is that the mass term survives even after the limit to zero curvature is taken. The way this happens 
is as follows. From (I86p it is clear that the mass term comes with a prefactor f{m) of the defining 
function evaluated on the background matrix X^"^ ~ m^'^ = elejd'^K In fact, it is the matrix of the 
first derivatives of the function / that appears, but it gets related to the value of the function itself 
by the homogeneity of /. We then know that the value /(m) should be given the interpretation of 
the vacuum energy density, and thus identified with A/{GM^) ~ M'^/M'^. The overall coefficient in 
front of the mass term is then of the order and does not go to zero when the limit M — )• is 
taken. In other words, the matrix of first derivatives of the defining function / has some components 
(precisely in the gravitational sZ(2) directions) that blow up when one takes M — )• 0. This blowing up 
components get multiplied by in the mass term, and result in a finite non-zero mass even in the 
Minkowski spacetime limit. 

We would now like to say a few words about the hierarchy problem(s) in our context. Our 
construction does not say anything new about this, in that there is still no explanation of why so 
large numbers as M^/M^ ~ 10^^'^ or M^^/M^ ~ 10*^^ appear. But what is very interesting is that 
in our scenario all these large numbers have becomes a part of the defining function /. They are all 
some components of the matrices of (e.g. second) derivatives of the function / with respect to the 
matrix X^^ f\ F"^ , evaluated on the background X^"^ ~ efe^J*-' . As such, they encode some 

properties of the function /. One can now at least in principle ask the question why functions / with 
such properties are those relevant at low energies. It is then not impossible that some renormalization 
group fiow argument (assuming that / runs with energy) can explain the form of /. Thus, one can 
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envisage that the famous cosmological constant problem and the particle physics hierarchy problem 
can all be addressed in the current framework. In particular, it is very interesting that it is the 
cosmological constant that becomes the main (and only) dimensionful parameter of the theory. Thus, 
in our context the cosmological constant problem is not to explain why the A is so small, but rather 
to explain why the Planck mass Mp is so large. In other words, the problem can be reformulated 
as that of explaining why the strength of the graviton interaction is observed to be E'^/Mp, where 
E is the energy involved, rather than the value E'^/M'^ that would be more natural from the point 
of view of this formulation of gravity. And indeed, the graviton interaction strength as predicted 
by our theory turns out to be of the order E'^ /{gg^M'^), which requires gg^ ~ f{m) to be of the 
order M^/M"^ ~ 10^^*^ to be consistent with the observed extremely weak character of gravity. As 
we have already mentioned, it is not impossible that some renormalization group flow argument for 
/ (together with the asymptotic safety scenario, see below) can provide an explanation for the large 
numbers needed, and thus for the weakness of the gravitational interaction. 

We finally turn to the particular symmetry breaking models that are provided by our construction. 
We have seen that in many aspects our SSB scenario behaves like the usual Higgs mechanism. In 
particular, we have seen that in the context of sZ(3) gauge group it is possible to give the photon 
a mass by changing the vacuum, this being the simplest mass generating example, an analog of the 
Maxwell field coupled to a charged scalar field with the Mexican hat potential. The principal difference, 
however, is that our scenario does not predict a massive spin zero particle - Higgs boson - instead 
giving rise to more exotic higher spin fields. Further, we have seen that the two simplest setups for 
the electroweak symmetry breaking, namely the unbroken Georgi-Glashow [11] and Weinberg-Salam 
models can both be realized, the first in the context of s?(4) gauge group with the 4 = 2 + 2 embedding, 
the second in the set up of s/(5) and 5 = 3 + 1 + 1 embedding. However, the patters of symmetry 
breaking are rather different, and we find the usual Z, spin one massive gauge bosons only in the 
set up of 5/(6) and the 6 = 5 + 1 embedding. All in all, in spite of many similarities our mechanism 
of symmetry breaking and gauge field mass generation is distinct from the Higgs mechanism. 

In spite of being able to reproduce the familiar Standard Model electroweak symmetry breaking 
pattern, we are far from claiming that our theories can provide a realistic particle physics model. 
Indeed, our theories are bosonic, and can never describe fermions of the Standard Model. On this we 
note that it is very suggestive that one should try to extend the constructions of this paper to Lie 
super algebras, or diffeomorphism invariant supergauge theories. These are not hard to formulate, and 
it remains to be seen if one can use the Grassmann and spinor-valued one-forms that would arise to 
describe the usual spin 1/2 fermions of the Standard Model. Work on this is in progress. Before this 
work is completed it is hard to say whether it is possible to have a realistic particle physics model 
(including fermions) in the framework of diffeomorphism invariant gauge theories. For this reasons, 
we are consciously avoiding making any predictions from the purely bosonic models considered here, 
even though it is very clear that these models point in the direction of massive higher spin particles 
rather than the spin zero Higgs boson as the yet unobserved content of a symmetry broken theory. 

We would like to conclude this paper with some remarks on the open problems of this approach. 
One of them, namely a description of fermions in this language, has already been mentioned. Another 
important question is if the theories described here can be considered as fundamental, or they are just 
some effective field theoretic models. Our first remarks is that these theories containing gravity are 
necessarily non-renormalizable in the usual sense, i.e. they contain negative mass dimension coupling 
constants (in front of higher derivative interactions). In fact, they contain an infinite number of such 
higher derivative interactions, and an infinite number of the corresponding coupling constants, the 
later being encoded in the defining function /. It has then been conjectured (in [12j for the case of 
SU(2) theory describing pure gravity) that the present class of diffeomorphism invariant gauge theories 
with second order in derivative field equations is closed under renormalization. In other words, the 
conjecture is that the higher derivative terms that need to be added to the theory in the process 
of its renormalization are already contained in our Lagrangian. As one possible motivation for this 
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conjecture we mention a very interesting analysis presented in |13j . It concludes that if a theory starts 
as one with a second-derivative propagator, it will stay this way after all renormalizations and all field 
redefinitions. Our conjecture is similar to this, but in the context of diffeomorphism invariant gauge 
theories. 

If the class of theories that we studied in the paper is closed under renormalization, then the 
renormalization group flow is one in the space of defining functions /. As such, it can be realistically 
studied. In particular, a very important question is if there are any ultra-violet (UV) fixed points of 
the fiow. In case the answer is in the affirmative, one can then invoke the asymptotic safety scenario of 
Weinberg, see p3] for a recent reference, as a possible mechanism for the UV completion of this class 
of theories. In fact, one particular point in the theory space, namely ftop = Tr(F A F) gives rise to a 
topological theory, and thus necessarily a fixed point of the RG flow. It is not impossible that this is 
the flxed point giving the UV completion of this class of theories. The questions of closedness under 
renormalization, and then of the nature of the arising RG flow are easiest to address in the context 
of pure gravity theory corresponding to G = SU(2), and work on this is in progress. To summarize, 
it is not impossible that the theories considered in this work, in spite of being non-renormalizable 
in the usual sense, possess a UV completion in the sense of asymptotic safety and are in this sense 
fundamental. If all the hopes about the UV completion are realized, and if realistic couplings to 
fermions are possible in this context, we would obtain a large class of UV complete quantum theories 
containing all interactions (including gravity), which is the hope that drives the present research 
program. 

Finally, another very serious issue with the scenario described here is that of the unitarity of the 
models considered. We have started our discussion with a complex gauge theory, and imposed reality 
conditions on various fields as is appropriate in order to have positive definite linearized Hamiltonians. 
This is always possible at the linearized level, given the fact that we have the option of multiplying 
our fields by an imaginary unit if this is necessary to get a positive definite kinetic term. The mass 
terms can also all be made positive by choosing the defining function appropriately. However, there 
is no guarantee that the theory with these linearized reality conditions turns out to be unitary when 
interactions are switched on. This is a particularly difficult problem in view of the fact that in our 
description all the fields are chiral in the sense that only the chiral half of the Lorentz group plays 
the role. Thus, imaginary unit is ubiquitous, and the arising Lagrangians are generally complex. The 
issue of unitarity thus becomes very non-trivial and it is by no means guaranteed that it will be 
possible to find a satisfactory solution. The strategy that is presently followed is, however, to first see 
whether the realistic particle physics content (fermions, massive gauge fields) can be described using 
this language. In this paper we have made the first step in this directions and have shown that the 
symmetry breaking and the gauge boson mass generation is possible (and quite natural as we have 
seen above). If it is found that the Standard Model fermions can be similarly described, it will then be 
sensible to attempt to address the unitarity problem. Thus, the open problems of unitarity together 
with those of describing fermions and the UV completion are all left to future work. 
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